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GLUCK TWIST ALONG SATELLITE 2-KNOTS
SEUNGWON KIM
Abstract. In this paper, we show that the Gluck twist of certain satellite 2-
knots in a 4-manifold do not change the diffeomorphism type.
1. Introduction
Let K be an embedded 2-sphere in a 4-manifold X with a product neighborhood.
Consider an operation which cuts a neighborhood N(K) of K and glues it back in a
different way. By Gluck [1], there are only two ways to glue it back, one is just the
trivial gluing, and the other is called the Gluck twist. Gluck[1] showed that the Gluck
twist of S4 is a homotopy 4-sphere, which might give a potential counterexample to
the smooth 4-dimensional Poincare´ conjecture. (See Kirby’s problem 4.23 [5].)
Many knotted spheres (i.e., 2-knots) in S4 are known to be Gluck twist trivial,
such as ribbon 2-knots [1, 11], twist spun knots [2, 9], certain union of two ribbon
disks [7], twist roll spun knots [8], band sums of all 2 such knots [3], and 2-knots
0-concordant to all such knots [6, 10].
In this paper, we consider the Gluck twist problem of a satellite 2-knot, which is
defined below:
Definition 1.1. Let P and C be 2-knots embedded in S4 and a 4-manifold X
respectively. Assume C has a product neighborhood in X. Consider a simple loop
γ ⊂ S4 − ν(P ). Then there exists a diffeomorphism ρ : S4 − ν(γ) → ν(C), where
ν(·) denotes a neighborhood of · in a 4-manifold. Let K = ρ(P ) ⊂ X. We call K
the satellite 2-knot in X of companion C with pattern (P, V ). Equivalently,
(X,K) = ((X − ν(C))
⋃
∂ρ
(S4 − ν(γ)), P ),
where
∂ρ = ρ 
∂(S4−ν(γ)) : ∂(S
4 − ν(γ))→ ∂ν(C) ' ∂(X − ν(C))
and
P ⊂ S4 − ν(γ) ⊂ (X − ν(C))
⋃
∂ρ
(S4 − ν(γ)) ' X.
In [4], Hughes, Miller and the author studied the Gluck twist of a satellite 2-knot
and showed that when the pattern is 0-concordant to a band sum of twist spun knots
and the degree in H2(S4 − ν(γ)) ' H2(S2 ×D2) ' Z is zero, then the Gluck twist
along the satellite 2-knot is trivial. Furthermore, if the degree is one, then the Gluck
twist of the satellite 2-knot is the same as the Gluck twist along its companion.
In this paper, we extend the above result to a more general setting:
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Theorem 1.2. Let K be a satellite 2-knot in a 4-manifold X of companion C with
pattern P . Suppose that the Gluck twist of S4 along P is trivial. Then the following
holds:
(i) If [P ] ∈ H2(S4 − ν(γ)) ' Z is even, then the Gluck twist of X along K is
diffeomorphic to X.
(ii) If [P ] ∈ H2(S4 − ν(γ)) ' Z is odd then the Gluck twist of X along K is
diffeomorphic to the Gluck twist of X along C.
Theorem 1.2 has the following immediate corollary:
Theorem 1.3. Let K, P , C, X be as in Theorem 1.2. Suppose that X ' S4. Then
the following holds:
(i) If [P ] is even, then the Gluck twist along K is diffeomorphic to S4.
(ii) If [P ] is odd and the Gluck twist of S4 along C is trivial, then the Gluck
twist of S4 along K is diffeomorphic to S4.
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2. Proof of Main Theorem
Proof. Consider a banded unlink diagram of P . γ can be isotoped so that it can
be seen as the unknot in the banded unlink diagram of P . Note that the obvious
disk bounded by γ intersects the banded unlink diagram in n times where n ≡ [P ]
(mod 2). Without loss of generality, we also can assume that the obvious disk does
not intersect the bands.
We can think of the Gluck twist in the following way: First, get the natural handle
decomposition from a banded unlink diagram of a 2-knot in a 4-manifold. Then,
we add the +1-framed circle to a meridian of one of the dotted circles. Then, this
Kirby diagram represents the Gluck twist of the given 4-manifold along the 2-knot
with the given banded unlink diagram. See Figure 1 for an example.
Also, the Gluck twist along K can be thought as follows: We first do the Gluck
twist S4 − ν(γ) along P and glue it to X − ν(C) without twist. See the below
equations.
(X − ν(K))
⋃
φ
(S2 ×D2) =
((
(X − ν(C))
⋃
∂ρ
(S4 − ν(γ))− ν(P )
)⋃
φ
(S2 ×D2)
=
(
(X − ν(C))
⋃
∂ρ
(S4 − ν(γ)− ν(P )))⋃
φ
(S2 ×D2)
= (X − ν(C))
⋃
∂ρ
(
(S4 − ν(γ)− ν(P ))
⋃
φ
(S2 ×D2)).
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Figure 1: First figure is a banded unlink diagram of a spun trefoil in S4. From this
banded unlink, we can get the natural handle decomposition of its complement, by
putting a dot on each unlink, and changing each band to a 0-framed circle as in
the second figure. If we put a +1-framed circle to a meridian of one of the dotted
circles, then we get a Kirby diagram of the Gluck twist of S4 along the spun trefoil
knot.
Figure 2: We slide the curve γ through the +1-framed circle to get the figure in the
middle from the figure in the left. Then, we push γ below the index-2 critical points
to sit on the 1-handlebody. Then, we can do small isotopy which does not intersect
the dotted circles. Then, we push γ back to the original level to get the figure in
the right.
Here, φ is the self-diffeomorphism of S2 × S1 which gives the Gluck twist. Note
that ∂ρ is the identity map of S2 × S1.
Consider an isotopy of γ through the +1-framed circle. This isotopy will link γ
and the +1-framed circle. However, we can push γ down along the gradient flow
of the Morse function so that γ is sitting inside the 1-handle body, do an isotopy
of γ in the 1-handlebody which does not touch the dotted circles, and push it back
to the level of the Kirby diagram so that γ is unlinked from +1-framed circle. See
Figure 2 for the actual moves in a Kirby diagram, and Figure 3 for an example.
The +1-framed circle can be moved to any meridian of the dotted circles since it is
isotopic to a meridian of P . Therefore, we can keep doing it so that γ is unlinked
from the every dotted circle and every attaching circle of the 2-handles.
Since the Gluck twist along P is trivial, we can figure out the result of the Gluck
twist if we can specify the framing of γ. Each time we push γ through the +1-framed
circle, framing changes by 1. All the other isotopies such as pushing up and down
along the gradient flow, and the isotopy in the level below the index-2 critical points
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Figure 3: In the first figure, we slide the blue curve (γ) along the +1-framed circle
to get the second figure. In the second figure, we push γ down to the level below
the index-2 critical points, do small isotopy in that level, and push it back to the
original level to get the third figure. We always can move the +1-framed circle to a
meridian of any dotted circles, so we can move it like the fourth figure. Then we do
the same moves to get the last figure.
which does not touch the dotted circles do not change the framing. Hence, the final
framing of γ differs from the original framing by the number of times that it passes
through the +1-framed circle mod 2, since γ’s framing is either 0 or 1. This number
is same as the parity of [P ] ∈ H2(S2 ×D2) ' Z. Hence, when [P ] is the even class,
the framing is 0, so the gluing is trivial, i.e., we get X. Otherwise, the framing is 1,
and the resultant manifold is diffeomorphic to the Gluck twist of X along C. This
completes the proof of our main theorem.

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